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Abstract
In this paper, we study the implications of the modular A4 flavor symmetry in construct-
ing a supersymmetric minimal type-(I+II) seesaw model, in which only one right-handed
neutrino and two Higgs triplets are introduced to account for the tiny neutrino masses, fla-
vor mixing and CP violation. We consider the most economical case where the right-handed
neutrino and the Higgs triplets in this model are assigned into the trivial one-dimensional
irreducible representation of the modular group A4, and all the modular forms are with the
lowest weights they can take. We find that the octant of the mixing angle θ23 strongly de-
pends on the hierarchy of free model parameters in the charged-lepton sector. We also show
that the neutrino mass matrix can possess an approximate µ − τ reflection symmetry for
some specific values of free parameters. Moreover, our model predicts relatively large masses
of three light neutrinos, thus can be easily tested in future neutrino experiments.
∗E-mail: wangx@ihep.ac.cn
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1 Introduction
Neutrino oscillation experiments in the past two decades have provided us with the very solid evi-
dence that neutrinos are massive and lepton flavor mixing indeed exists [1,2]. In order to generate
tiny neutrino masses, one can extend the standard model (SM) by adding a few new particles
and allowing for the lepton number violation, and then the tiny masses of light neutrinos can be
attributed to the introduced heavy degrees of freedom. This is the so-called seesaw mechanism.
For example, in the typical type-I seesaw mechanism [3–6], three right-handed neutrinos, which
are singlets under the SU(2)L ×U(1)Y gauge symmetry of the SM, are introduced and the small-
ness of light neutrino masses can thus be explained by the heavy mass scale of the right-handed
neutrinos.
Another interesting realization of the seesaw mechanism is the type-II seesaw mechanism [7–12],
in which an additional Higgs triplet under SU(2)L is added into the SM. Therefore, the gauge-
invariant Lagrangian relevant for lepton masses and flavor mixing can be written as
−Llepton = `LYlHER +
1
2
`LY∆∆iσ2`
c
L + h.c. , (1.1)
where `L and ER denote the left-handed lepton doublet and the right-handed charged-lepton
singlet, H and ∆ are the Higgs doublet and triplet, respectively. Note that in Eq. (1.1), `cL ≡ C`L
T
with C = iγ2γ0 being the charge-conjugation matrix has been defined. After the spontaneous
symmetry breaking, we can obtain the charged-lepton and neutrino mass matrices as Ml = Ylv/
√
2
and Mν = Y∆v∆ respectively, where v =
√
2〈H0〉 ≈ 246 GeV with 〈H0〉 being the vacuum
expectation value (vev) of the neutral component of H and v∆ is the vev of the neutral component
of ∆. The explicit form of v∆ can be determined from the following potential which involves both
the Higgs doublet and triplet
V (H,∆) = −µ2H†H + λ(H†H)2 + 1
2
M2∆Tr(∆
†∆)− (λ∆M∆HTiσ2∆H + h.c.) , (1.2)
where µ, λ and λ∆ are the coupling coefficients and M∆ denotes the mass of the Higgs triplet.
Then the vev’s v =
√
µ2/(λ− 2λ2∆) and v∆ = λ∆v2/M∆ can be derived from Eq. (1.2). The small
value of v∆, which is suppressed by the large mass scale of M∆, can also explain the observed
tiny neutrino masses. In the framework of SO(10) grand unified theories [13], both right-handed
neutrinos and the Higgs triplet are naturally embedded. Therefore the light neutrino masses
receive the contributions from both right-handed neutrinos and the Higgs triplet via the type-
(I+II) seesaw mechanism. In this case, the Lagrangian in Eq. (1.1) becomes
−Llepton = `LYlHER + `LYνH˜NR +
1
2
N cRMRNR +
1
2
`LY∆∆iσ2`
c
L + h.c. , (1.3)
where NR and MR denote the right-handed neutrinos and their Majorana mass matrix respectively.
Note that in Eq. (1.3), H˜ ≡ iσ2H∗ and N cR ≡ CNR
T
have been defined.
Although the seesaw model provides us with an elegant way to explain the tiny neutrino
masses, it can not account for the flavor structures existing in the lepton mass matrices. As a
consequence, the model is in general lacking of predictive power for lepton mass spectra, flavor
mixing pattern and CP violation [14]. On this account, non-Abelian discrete flavor symmetries
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have been implemented in the seesaw model to explain the flavor mixing in recent literature, e.g.,
Refs. [15–20]. To be specific, one can first assume that the Lagrangian maintains an overall discrete
flavor symmetry at some high-energy scale. Next a few of gauge-singlet scalar fields which are
called flavons are introduced to break down the whole symmetry into distinct residual symmetries
in the charged-lepton and neutrino sectors [21–26]. Then the flavor structures will be determined
by the vev’s of these flavons. However, the introduction of flavons will inevitably bring a large
number of free parameters into the model and how to experimentally prove the existence of the
flavons is also a tough problem.
Recently, a new and attractive approach to solve the flavor mixing problem, which is based
on the modular invariance, has been proposed in Ref. [27]. Within the framework of modular
symmetries, the Yukawa couplings are regarded as the modular forms with even weights, which
transform as the multiplets under some finite modular symmetry groups ΓN . For a given value of
N , ΓN is isomorphic to the well-known non-Abelian discrete symmetry group, e.g., Γ2 ' S3 [28–31],
Γ3 ' A4 [32–41], Γ4 ' S4 [42–45] and Γ5 ' A5 [46–48]. Modular forms are the functions of the
modulus τ . Once the value of τ is given, the modular symmetry is always broken and then the
flavor mixing pattern can be generated. Therefore the flavon field is not necessary in the minimal
framework of modular symmetries. Except the references we have mentioned above, there are also
plenty of works related to other interesting aspects of modular symmetries, such as the combination
of modular symmetries and the CP symmetry [49, 50], multiple modular symmetries [51, 52], the
double covering of modular groups [53], the A4 symmetry from the modular S4 symmetry [54,55],
the modular residual symmetry [56,57], the unification of quark and lepton flavors with modular
invariance [58, 59], the realization of texture zeros via the modular symmetry [60, 61] and the
applications of modular symmetries on other types of seesaw models [62,63].
In this paper, we investigate the minimal supersymmetric type-(I+II) seesaw model [64], where
only one right-handed neutrino and two Higgs triplets are introduced, with the modular A4 sym-
metry and explore its implications for lepton mass spectra, flavor mixing pattern and CP violation.
Such an investigation has strong theoretical motivations. First, the minimal type-(I+II) seesaw
model itself is a very economical model with only a few degrees of freedom, so it is meaningful
to study the implications of the modular symmetry in constructing a minimal type-(I+II) seesaw
model. Second, we notice that different from the type-I seesaw mechanism, the type-II seesaw
model with the modular symmetry is only discussed in Ref. [62]. And as can be seen in that
paper, one has to require higher weights of the modular forms and a large number of free model
parameters in the modular type-II seesaw model to obtain feasible parameter space, which makes
the model less predictive. While if we consider the minimal type-(I+II) seesaw model, i.e., an
additional right-handed neutrino is introduced, the number of free parameters can be reduced to
eight. Finally, the charge assignments of superfields and modular forms can be tightly restricted
due to the existence of both the right-handed neutrino and Higgs triplets in the minimal type-
(I+II) seesaw model. We present a detailed analysis of the low-energy phenomenology of our model
and show that it can be consistent with current experimental data within 1σ level. Our model
predicts relatively large masses of three light neutrinos, and the individual contributions to the
neutrino masses from the right-handed neutrino and the Higgs triplet turn out to be comparable.
The octant of the mixing angle θ23 strongly depends on the hierarchy of free parameters in the
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charged-lepton sector. Furthermore, the values of θ23 and Dirac CP-violating phase δ can reach
45◦ and 90◦ (or 270◦) respectively, indicating the neutrino mass matrix possesses an approximate
µ− τ reflection symmetry [65] for some specific values of free parameters.
The remaining part of this paper is organized as follows. In Sec. 2, a brief summary of
the modular A4 symmetry is given. The concrete type-(I+II) seesaw model with the modular
A4 symmetry is then proposed in Sec. 3. The low-energy phenomenology of lepton mass spectra,
flavor mixing pattern and CP violation in our model are discussed in Sec. 4. Finally, we summarize
our main conclusions in Sec. 5. Some properties of the modular A4 symmetry group are presented
in Appendix A.
2 Modular A4 Symmetry
The basics of modular symmetries have been expounded in previous works (See, e.g., Ref. [27]).
In this section, we shall only give a brief review on the modular symmetry.
In a supersymmetric theory, the action S keeps invariant under the modular transformations
γ : τ → aτ + b
cτ + d
, χ(I) → (cτ + d)−kIρ(I)(γ)χ(I) , (2.1)
where γ is the element of the modular group Γ with a, b, c and d being integers satisfying
ad − bc = 1, τ is an arbitrary complex number in the upper complex plane, ρ(I)(γ) denotes
the representation matrix of the modular transformation γ, and kI is the weight associated with
the supermultiplet χ(I). As a consequence, the Ka¨hler potential K(τ, τ , χ, χ) is invariant up to
the Ka¨hler transformation K(τ, τ , χ, χ) → K(τ, τ , χ, χ) + f(τ, χ) + f(τ , χ)1, where f(τ, χ) is a
holomorphic function, which is not necessarily modular invariant. Meanwhile, the superpotential
W(τ, χ) is invariant as well and can be expanded in terms of the supermultiplets as follows
W(τ, χ) =
∑
n
∑
{I1,...,In}
YI1...In(τ)χ
(I1) · · ·χ(In) , (2.2)
where the coefficients YI1...In(τ) take the modular forms, transforming under the finite modular
group ΓN ≡ Γ/Γ(N) (with Γ(N) being the principal congruence subgroup of Γ) as
YI1...In(τ)→ (cτ + d)
kY ρY (γ)YI1...In(τ) , (2.3)
where the even integer kY is the weight of YI1...In(τ) and ρY is the representation matrix of ΓN . In
addition, kY and ρY must satisfy kY = kI1 + · · ·+kIN and ρY ⊗ρ(I1)⊗· · ·⊗ρ(IN ) 3 1, respectively.
For the symmetry group Γ3 ' A4 of our interest, there are three linearly independent modular
forms of the lowest non-trivial weight kY = 2, denoted as Yi(τ) for i = 1, 2, 3, which form a triplet
3 under the modular A4 symmetry transformations [27], namely,
Y3(τ) ≡
Y1(τ)Y2(τ)
Y3(τ)
 . (2.4)
1The most general Ka¨hler potential consistent with the modular symmetry may contain additional terms, as
recently pointed out in Ref. [66]. However, for a phenomenological purpose, we consider only the simplest form of
the Ka¨hler potential.
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The exact expressions of Yi(τ) (for i = 1, 2, 3) are presented in Appendix A. Based on the modular
forms Yi(τ) of weight kY = 2, one can construct the modular forms of higher weights, such as
kY = 4 and kY = 6. For kY = 4, there are totally five independent modular forms, which transform
as 1, 1′ and 3 under the A4 symmetry [27,38,60], namely,
Y
(4)
1 = Y
2
1 + 2Y2Y3 , Y
(4)
1′ = Y
2
3 + 2Y1Y2 , Y
(4)
3 =
Y 21 − Y2Y3Y 23 − Y1Y2
Y 22 − Y1Y3
 , (2.5)
where the argument τ of all the modular forms is suppressed. For kY = 6, we have seven inde-
pendent modular forms, whose assignments under the A4 symmetry are as follows [27,38,60]
Y
(6)
1 = Y
3
1 + Y
3
2 + Y
3
3 − 3Y1Y2Y3 ,
Y
(6)
3,1 = (Y
2
1 + 2Y2Y3)
Y1Y2
Y3
 , Y (6)3,2 = (Y 23 + 2Y1Y2)
Y3Y1
Y2
 . (2.6)
3 The Minimal Type-(I+II) Seesaw Model
In this section, we are going to construct a minimal type-(I+II) seesaw model with the modular
A4 symmetry. To begin with, let us first make some general remarks on the model building.
• A criterion for the model building is that our model should be economical enough, which
means that the number of free model parameters should be as small as possible. To
be specific, we have eight low-energy observables, including three charged-lepton masses
{me,mµ,mτ}, two independent neutrino mass-squared differences {∆m221,∆m231} in the nor-
mal mass ordering (NO) case where m1 < m2 < m3 or {∆m221,∆m232} in the inverted mass
ordering (IO) case where m3 < m1 < m2 and three mixing angles {θ12, θ13, θ23}. There-
fore the number of free model parameters should be no more than eight in order to have
predictive power for the other parameters, such as the CP-violating phases.
• As the modular symmetry is intrinsically working in the supersymmetric framework, we
should introduce one chiral superfield N̂ c 2 which contains the right-handed neutrino singlet
and a pair of SU(2)L triplet Higgs superfields {∆̂1, ∆̂2} with the hypercharges {+1,−1}
defined as
∆̂1 ≡
√
2
(
∆̂+1 /
√
2 ∆̂++1
∆̂01 −∆̂+1 /
√
2
)
, ∆̂2 ≡
√
2
(
∆̂−2 /
√
2 ∆̂02
∆̂−−2 −∆̂−2 /
√
2
)
, (3.1)
where ∆̂++1 (∆̂
−−
2 ), ∆̂
+
1 (∆̂
−
2 ) and ∆̂
0
1 (∆̂
0
2) denote the doubly-charged, singly-charged and
neutral components of ∆̂1 (∆̂2), respectively. N̂
c, ∆̂1 and ∆̂2 are all arranged to be the
trivial singlet under the modular A4 symmetry in our model for simplicity. Furthermore,
the superfields for Higgs doublets {Ĥu, Ĥd} with the hypercharges {+1/2,−1/2} are also
assigned into 1 under the modular A4 symmetry. As a consequence, we do not need to
change the remaining part of the MSSM irrelevant for leptonic flavor mixing.
2In this paper, we use the “hat” symbol to denote the chiral superfield.
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Table 1: The charge assignment of the chiral superfields and the relevant couplings under the
SU(2)L symmetry and the modular A4 symmetry in our model, with the corresponding modular
weights listed in the last row.
L̂ Êc1, Ê
c
2, Ê
c
3 N̂
c Ĥu, Ĥd ∆̂1, ∆̂2 fe(τ), fµ(τ), fτ (τ), f∆(τ) fD(τ) fR(τ)
SU(2) 2 1 1 1 3 1 1 1
A4 3 1,1
′′,1′ 1 1 1 3 3 1
−kI −1 −1 −3 0 0 ke,µ,τ,∆ = 2 kD = 4 kR = 6
• The superfields for three lepton doublets {L̂1, L̂2, L̂3} are arranged as a triplet 3 under the
A4 symmetry, while the superfields for three charged-lepton singlets {Êc1, Êc2, Êc3} should be
assigned into three different singlets of A4 (e.g., Ê
c
1 ∼ 1, Êc2 ∼ 1′′ and Êc3 ∼ 1′). Otherwise,
it will be difficult to explain the strong mass hierarchy of three charged leptons, namely,
me  mµ  mτ .
• The modular forms relevant for lepton masses and flavor mixing can be exactly determined
from the two identities kY = kI1 + · · · + kIN and ρY ⊗ ρ(I1) ⊗ · · · ⊗ ρ(IN ) 3 1 after the
weights and representations of the superfields are fixed. Note that since both the right-
handed neutrino and Higgs triplets are introduced into our model, more terms will appear
in the whole superpotential. Consequently, there remains less freedom for us to adjust the
weights and representations under the modular A4 symmetry of all the superfields as well
as the modular forms. In Table 1, we show the charge assignments of the chiral superfields
and the couplings under the SU(2)L gauge symmetry and the modular A4 symmetry for our
model, and the corresponding modular weights are listed in the last row. Note that kD = 4
and kR = 6 are the lowest weights which the modular forms fD and fR can take respectively
under the premise that kY = kI1 + · · ·+ kIN should be satisfied in each superpotential.
Keeping these assignments above in mind, now it is straightforward for us to write down
the modular A4 invariant superpotential W , which can be decomposed into three parts W =
Wl +WI +WII with
Wl = α1
[(
L̂Êc1
)
3
(fe(τ))3
]
1
Ĥd + α2
[(
L̂Êc2
)
3
(fµ(τ))3
]
1
Ĥd + α3
[(
L̂Êc3
)
3
(fτ (τ))3
]
1
Ĥd ,
WI = g1
[(
L̂N̂ c
)
3
(fD(τ))3
]
1
Ĥu +
1
2
Λ
[(
N̂ cN̂ c
)
1
(fR(τ))1
]
1
,
WII =
1
2
g2
[(
L̂L̂
)
3
(f∆)3
]
1
(
iσ2∆̂1
)
, (3.2)
where α1, α2 and α3 are three coupling coefficients in the charged-lepton sector which we can set
to be real and positive without loss of generality while g1, g2 and Λ are the coupling coefficients in
the neutrino sector. In Eq. (3.2), the individual contributions to neutrino masses from the type-I
and type-II seesaw mechanisms can be read from WI and WII, respectively. When the modulus
parameter τ is fixed, the modular symmetry is broken down and the superpotential reads
W = L̂TλlÊcĤd + L̂TλDN̂ cĤu +
1
2
(N̂ c)TλRN̂
c +
1
2
L̂TλIIL̂
(
iσ2∆̂1
)
, (3.3)
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where λl and λD turn out to be the charged-lepton and Dirac neutrino Yukawa coupling matrices,
respectively, λR becomes the right-handed neutrino mass matrix and λII is the neutrino mass
matrix induced by the type-II seesaw.
On the other hand, the superpotential relevant for the couplings between the Higgs doublets
and triplets, which is just the supersymmetric version of Eq. (1.2), can be written as [67]
WH−∆ = µĤuĤd + λ1Ĥd
(
iσ2∆̂1
)
Ĥd + λ2Ĥu
(
iσ2∆̂2
)
Ĥu +
1
2
M∆Tr
(
∆̂1∆̂2
)
, (3.4)
where µ, λ1 and λ2 are the coupling coefficients. After the supersymmetry breaking and the
SU(2)L ×U(1)Y gauge symmetry breakdown, all the Higgs fields get their own vev’s and one can
then obtain the lepton mass terms from Eq. (3.2). It has been indicated in Ref. [45] that there
exists the following correspondence between the lepton mass matrices and the Yukawa coupling
matrices in the MSSM framework under the left-right convention for the fermion mass terms
Ml = vdλ
∗
l /
√
2 , MD = vuλ
∗
D/
√
2 , MR = λ
∗
R , MII = v1λ
∗
II , (3.5)
where vd = v cos β and vu = v sin β are respectively the vev of the neutral scalar component field
of Ĥd to that of Ĥu, with tan β ≡ vu/vd being their ratio, and v1 = λ2v2u/M∆ is the vev of the
neutral scalar component field of ∆̂1 and can be derived from Eq. (3.4). Note that here we use“∗”
to denote the complex conjugation. Therefore, by using the product rules of the A4 symmetry
group collected in Appendix A, we can obtain the charged-lepton mass matrix
Ml =
vd√
2
Y1 Y2 Y3Y3 Y1 Y2
Y2 Y3 Y1

∗α1 0 00 α2 0
0 0 α3
 , (3.6)
and the Dirac neutrino mass matrix
MD =
vug
∗
1√
2
Y 21 − Y2Y3Y 22 − Y1Y3
Y 23 − Y1Y2

∗
. (3.7)
Since only one right-handed neutrino is introduced, the Majorana mass matrix will degenerate to
a complex number
MR = Λ(Y
3
1 + Y
3
2 + Y
3
3 − 3Y1Y2Y3)∗ . (3.8)
After applying the type-I seesaw mechanism MI ≈ −MDM−1R MTD , we arrive at the neutrino mass
matrix from the type-I seesaw
MI = −
v2u(g
∗
1)
2
2Λ(Y 31 + Y
3
2 + Y
3
3 − 3Y1Y2Y3)∗
×
 (Y 21 − Y2Y3)2 (Y 21 − Y2Y3)(Y 22 − Y1Y3) (Y 21 − Y2Y3)(Y 23 − Y1Y2)(Y 21 − Y2Y3)(Y 22 − Y1Y3) (Y 22 − Y1Y3)2 (Y 22 − Y1Y3)(Y 23 − Y1Y2)
(Y 21 − Y2Y3)(Y 23 − Y1Y2) (Y 22 − Y1Y3)(Y 23 − Y1Y2) (Y 23 − Y1Y2)2

∗
.
(3.9)
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Meanwhile, the neutrino mass matrix induced by the type-II seesaw can be expressed as
MII =
λ2v
2
ug
∗
2
3M∆
2Y1 −Y3 −Y2−Y3 2Y2 −Y1
−Y2 −Y1 2Y3

∗
. (3.10)
Then the whole effective neutrino mass matrix should be a combination of MI and MII. Since
the overall phase of any lepton mass matrix is irrelevant for lepton masses and flavor mixing, one
can take g1 in Eq. (3.7) to be real and it is convenient to define a new complex parameter as
2λ2g2Λ/(3g
2
1M∆) ≡ g˜ = geiφg with g = |g˜| and φg ≡ arg(g˜). Therefore Mν can be written as
Mν = MI +MII
= −v
2
ug
2
1
2Λ
 1
Y 31 + Y
3
2 + Y
3
3 − 3Y1Y2Y3
×
 (Y 21 − Y2Y3)2 (Y 21 − Y2Y3)(Y 22 − Y1Y3) (Y 21 − Y2Y3)(Y 23 − Y1Y2)(Y 21 − Y2Y3)(Y 22 − Y1Y3) (Y 22 − Y1Y3)2 (Y 22 − Y1Y3)(Y 23 − Y1Y2)
(Y 21 − Y2Y3)(Y 23 − Y1Y2) (Y 22 − Y1Y3)(Y 23 − Y1Y2) (Y 23 − Y1Y2)2

−g˜
2Y1 −Y3 −Y2−Y3 2Y2 −Y1
−Y2 −Y1 2Y3


∗
. (3.11)
From Eq. (3.11) we can find that each element in the mass matrix MII contains only one single
modular form with a weight of 2, whereas every element in the matrix generated by MDM
T
D is a
multiplication of two modular forms of weight 4, thus having a total modular weight of 8. However,
M−1R contributes another weight of −6, therefore the overall weight of MI is also 2, same as the
weight of MII.
4 Low-energy Phenomenology
Next we discuss the low-energy phenomenology of our model. As can be seen from the previous
section, there are totally eight free model parameters, which are a complex modulus τ (or equiva-
lently two real parameters Re τ and Im τ), three real parameters vdα3/
√
2, α1/α3 and α2/α3 in the
charged-lepton sector and two real parameters g and φg as well as an overall factor v
2
ug
2
1/(2Λ) in the
neutrino sector. The number of free parameters is the same as that of the low-energy observables.
As a result, our model should be predictive. Then we proceed to explore the phenomenological
implications for lepton mass spectra, flavor mixing and CP violation. We carry out a numerical
analysis of our model and demonstrate that the predictions are consistent with the experimental
data only in the NO case at the 1σ level. The main strategy for numerical analysis is analogous
to what we have done in Ref. [45]. Here we list it as follows.
• First of all, the modulus parameter τ is randomly generated in the right-hand part of the
fundamental domain G, which is defined as
G = {τ ∈ C : Im τ > 0, |Re τ | ≤ 0.5, |τ | ≥ 1} . (4.1)
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Table 2: The best-fit values, the 1σ and 3σ intervals, together with the values of σi being the
symmetrized 1σ uncertainties, for three neutrino mixing angles {θ12, θ13, θ23}, two mass-squared
differences {∆m221,∆m231 or ∆m232} and the Dirac CP-violating phase δ from a global-fit analysis
of current experimental data [68,69].
Parameter Best fit 1σ range 3σ range σi
Normal neutrino mass ordering (m1 < m2 < m3)
sin2 θ12 0.310 0.298 — 0.323 0.275 — 0.350 0.0125
sin2 θ13 0.02241 0.02176 — 0.02307 0.02046 — 0.02440 0.000655
sin2 θ23 0.558 0.525 — 0.578 0.427 — 0.609 0.0265
δ [◦] 222 194 — 260 141 — 370 33
∆m221 [10
−5 eV2] 7.39 7.19 — 7.60 6.79 — 8.01 0.205
∆m231 [10
−3 eV2] +2.523 +2.493 — +2.555 +2.432 — +2.618 0.031
Inverted neutrino mass ordering (m3 < m1 < m2)
sin2 θ12 0.310 0.298 — 0.323 0.275 — 0.350 0.0125
sin2 θ13 0.02261 0.02197 — 0.02328 0.02066 — 0.02461 0.000655
sin2 θ23 0.563 0.537 — 0.582 0.430 — 0.612 0.0225
δ [◦] 285 259 — 309 205 — 354 25
∆m221 [10
−5 eV2] 7.39 7.19 — 7.60 6.79 — 8.01 0.205
∆m232 [10
−3 eV2] −2.509 −2.539 — −2.477 −2.603 — −2.416 0.031
This domain can be identified by using the basic properties of the modular forms as clearly
explained in Ref. [43]. One can also notice that if the replacement τ → −τ ∗ is made in
Eq. (A.8), the modular forms Yi(τ) will change to their complex-conjugate counterparts, i.e.,
Yi(−τ ∗) = Y ∗i (τ). If we further replace g˜ with g˜∗ in the neutrino sector, all the lepton mass
matrices will become their complex-conjugate counterparts. Under such a transformation,
the theoretical predictions for all the experimental observables keep unchanged except that
the signs of all CP-violating phases should be reversed. Therefore in this paper we only
consider the domain where 0 ≤ |Re τ | ≤ 0.5, while the predictions for mixing parameters
in the left-hand part of the fundamental domain where −0.5 ≤ |Re τ | ≤ 0 can be simply
obtained by changing the overall signs of all the CP-violating phases.
In the charged-lepton sector, once we randomly choose the values of {Re τ, Im τ}, the pa-
rameters vdα3/
√
2, α1/α3 and α2/α3 can be calculated from the following identities
Tr
(
MlM
†
l
)
= m2e +m
2
µ +m
2
τ , (4.2)
Det
(
MlM
†
l
)
= m2em
2
µm
2
τ , (4.3)
1
2
[
Tr
(
MlM
†
l
)]2
− 1
2
Tr
[
(MlM
†
l )
2
]
= m2em
2
µ +m
2
µm
2
τ +m
2
τm
2
e , (4.4)
where we take me = 0.511 MeV, mµ = 105.7 MeV and mτ = 1776.86 MeV for the observed
charged-lepton masses [2]. Notice that Eqs. (4.2)-(4.4) have multiple solutions, corresponding
to the different hierarchies of α1, α2 and α3. Later we will see there exist two kinds of
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Figure 1: Allowed ranges of the model parameters {Re τ, Im τ} and {g, φg} in the NO case, where
the 1σ (yellow dots) and 3σ (red dots) ranges of neutrino mixing parameters and mass-squared
differences from the global-fit analysis of neutrino oscillation data have been input [68, 69]. The
best-fit values are indicated by the black stars. In the left panel, the horizontal dashed line
separates the parameter space of {Re τ, Im τ} into two regions: Region A and Region B.
hierarchies (α1  α3  α2 and α1  α2  α3) which can lead to the realistic mixing
pattern, with different predictions to the value of θ23. So far all the parameters in Ml
have been determined. It is then easy to diagonalize the charged-lepton mass matrix via
U †lMlM
†
l Ul = Diag
{
m2e,m
2
µ,m
2
τ
}
, from which the unitary matrix Ul can be obtained.
• Next the values of the other two parameters g ∈ (0, 10] and φg ∈ [0◦, 360◦) are randomly
generated. Therefore, the effective neutrino mass matrix Mν is determined up to the overall
scale parameter v2ug
2
1/(2Λ). We introduce a ratio r defined as r ≡ ∆m221/∆m231 in the
NO case or r ≡ ∆m221/|∆m232| in the IO case which does not depend on this overall scale
parameter, and this ratio can help us restrict the values of Re τ , Im τ , g and φg. The overall
parameter v2ug
2
1/(2Λ) can be determined right after we fix the value of the lightest neutrino
mass. After diagonalizing Mν via U
†
νMνU
∗
ν = Diag {m1,m2,m3}, we get the unitary matrix
Uν . Finally, the lepton flavor mixing matrix U = U
†
l Uν can be calculated by using Ul and
Uν . In the standard parametrization [2], we have
U =
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

eiρ eiσ
1
 , (4.5)
where cij ≡ cos θij and sij ≡ sin θij (for ij = 12, 13, 23) have been defined and δ, ρ and σ are
the Dirac and two Majorana CP-violating phases, respectively.
To find out the allowed parameter space, we implement the global-fit results from NuFIT
4.1 [68, 69] without including the atmospheric neutrino data from Super-Kamiokande. The best-
fit values of three neutrino mixing angles {θ12, θ13, θ23}, two neutrino mass-squared differences
{∆m221,∆m231} (or {∆m221,∆m232}), the Dirac CP-violating phase δ, together with their 1σ and
3σ ranges in the NO (or IO) case are summarized in Table 2. The 1σ (3σ) allowed parameter
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Figure 2: Allowed ranges of two ratios {α1/α3, α2/α3} in the charged-lepton sector for the NO
case, where the 1σ (yellow dots) and 3σ (red dots) ranges of neutrino mixing parameters and mass-
squared differences from the global-fit analysis of neutrino oscillation data have been input [68,69].
The best-fit value is indicated by the black star. The left panel corresponds to the hierarchy
α1  α3  α2 where only the 3σ range is allowed and the right panel is related to α1  α2  α3.
space can be determined by identifying whether the values of observables predicted by our model
are located in their individual 1σ (3σ) ranges from the global analysis.
As we have mentioned before, the predictions of our model are consistent with the global-fit
results in the NO case at the 1σ level. While in the IO case, we find that if all the other low-energy
observables are within their individual 3σ ranges, the value of sin2 θ23 will be either larger than
0.75 or very close to 0, both of which have already exceeded the 3σ range of sin2 θ23. Therefore,
the IO case is not compatible with current experimental data at the 3σ level.
The allowed parameter space of {Re τ, Im τ}, {g, φg} and {α1/α3, α2/α3} has been shown in
Figs. 1-2, where the 1σ (3σ) range is denoted by the yellow (red) dots. As one can see from the
left panel of Fig. 1, almost all the range [0, 0.5] of Re τ is allowed at the 3σ level while the value
of Im τ is restricted to be larger than 1.75. Note that here we artificially cut off the parameter
space of Im τ at Im τ = 4, since in the range where Im τ > 4, we find that the predicted values
of mixing angles and CP-violating phases tend to be stable and the sum of three light neutrino
masses
∑
mν = m1 +m2 +m3 > 2 eV, which has already been far away from the favored region
of the latest Planck observations [70], thus being out of our interest. Actually we can separate the
parameter space of {Re τ, Im τ} into two regions depending on the values of Im τ , to be specific,
Region A with 1.75 < Im τ < 2.07 and Region B with 2.07 < Im τ < 4. An important feature
to distinguish these two regions is that only the hierarchy α1  α3  α2 is permitted in Region
A while both the hierarchies α1  α3  α2 and α1  α2  α3 are allowed in Region B. The
reason for this fact will be discussed in detail later. On the other hand, in Region A the value
of Im τ can only change in a narrow region. However Re τ can vary in a wide range, from 0.04 to
0.5. On the contrary, in Region B the value of Re τ is about 0.03 while Im τ can reach very large
values. The constraints on g and φg within the 3σ level are 0.82 < g < 0.92 and 1.92
◦ < φg < 21.8
◦
respectively, as can be seen from the right panel of Fig. 1. The value of g˜ measures the individual
contributions to the neutrino masses from the type-I and type-II seesaw mechanisms, and g ∼ 1
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Figure 3: The relation between the sum of light neutrino masses
∑
mν = m1 + m2 + m3 and
Im τ for the NO case, where the 1σ (yellow dots) and 3σ (red dots) ranges of neutrino mixing
parameters and mass-squared differences from the global-fit analysis of neutrino oscillation data
have been input [68,69]. The best-fit value is indicated by the black star. The gray shaded region
denotes the range
∑
mν > 0.6 eV which is excluded by the latest Planck observations [70].
means that their individual contributions are comparable to each other.
To determine the model parameters from neutrino oscillation data and describe how well
the model is consistent with observations, we construct the χ2-function by regarding the best-
fit values qbfj of the oscillation parameters qj ∈ {sin2 θ12, sin2 θ13, sin2 θ23,∆m221,∆m231} from the
global analysis in Refs. [68,69] as experimental measurements, namely,
χ2(pi) =
∑
j
(
qj(pi)− qbfj
σj
)2
, (4.6)
where pi ∈ {Re τ, Im τ, g, φg, v2ug21/(2Λ)} stand for the free model parameters and qj(pi) denote
the model predictions for observables with σj being the symmetrized 1σ uncertainties from the
global-fit analysis, which has already been given in Table 2. Since the current constraint on δ from
the global-fit results is rather weak, we will not include the information of δ in the χ2-function.
Note that in this work, the χ2-function is only used to determine the best-fit values of free model
parameters. Based on the χ2-fit analysis, we find that the minimum χ2min = 0.0862 is obtained in
the NO case with the following best-fit values of the model parameters
Re τ = 0.0366 , Im τ = 2.33 , g = 0.834 , φg = 19.2
◦ , v2ug
2
1/(2Λ) = 0.1344 eV , (4.7)
which together with the charged-lepton masses mα (for α = e, µ, τ) lead to vdα3/
√
2 = 1.775 GeV,
α1/α3 = 2.88× 10−4 and α2/α3 = 5.96× 10−2. Once the best-fit values of model parameters are
known, one can easily obtain the best-fit values of the observables qj and the predictions for the
CP-violating phases δ, ρ and σ, as well as the effective neutrino mass mβ for beta decays and mββ
for neutrinoless double-beta decays, which can be found in Table 3.
The relation between
∑
mν and Im τ is presented in Fig. 3, from which we can find that the
value of
∑
mν is tightly related to Im τ . To be specific, as the value of Im τ increases,
∑
mν will
also increase. This can be understood in the following way. Since Im τ in our model is larger than
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Figure 4: In the left panel, the correlation between θ23 and Im τ within the 3σ level is shown for
the NO case while the correlation between δ and θ23 is presented in the right panel. The red and
blue curves correspond to the hierarchies α1  α3  α2 and α1  α2  α3, respectively. The
gray shaded region in the left panel represents the range
∑
mν > 0.6 eV which is excluded by the
latest Planck observations [70] while the blue shaded region denotes the range of θ23 within the
1σ level. The horizontal (vertical) dashed line in the left (right) panel refers to θ23 = 45
◦ while
the horizontal dashed line in the right panel denotes δ = 270◦.
1.75, |q| = e−2piIm τ < 4 × 10−3 in the Fourier expansions of modular forms Yi(τ) (for i = 1, 2, 3)
in Eq. (A.8) is a small parameter. Therefore we can retain only the leading order terms in the
expansions of Yi(τ) and Eq. (A.8) will change to
Y1 ≈ 1 , Y2 ≈ −6q1/3 ≡ t , Y3 ≈ −18q2/3 ≡ −
1
2
t2 , (4.8)
where t ≡ −6q1/3 = −6e2piiτ/3 has been defined. Then the neutrino mass matrix Mν can be
expressed in an approximate form up to O(t3)
Mν ≈ −
v2ug
2
1
2Λ

1− 2g˜ − 3
2
t3
1
2
(3− g˜)t2 −(1− g˜)t
1
2
(3− g˜)t2 −2g˜t g˜ − 3
2
t3
−(1− g˜)t g˜ − 3
2
t3 (1 + g˜)t2

∗
. (4.9)
All the elements except (Mν)11, (Mν)23 and (Mν)32 in the right-hand side of Eq. (4.9) are sup-
pressed by the higher order terms of t. As the value of Im τ becomes larger, (Mν)11, (Mν)23 and
(Mν)32 will dominant the eigenvalues of Mν . Given the parameter space of g˜, we can find that
the modulus of (Mν)11 is close to that of (Mν)23 (Note that (Mν)23 = (Mν)32 exactly holds due
to the nature of the Majorana mass matrix) especially when Im τ is large enough, implying a
quasi-degeneracy among m1, m2 and m3. The high degeneracy of three neutrino masses requires
a large
∑
mν , which is why the value of
∑
mν increases with the rise of Im τ .
Fig. 3 also indicates that the minimal value of
∑
mν predicted in our model is 0.16 eV, which
has already exceeded the upper bound on the sum of neutrino masses
∑
mν < 0.12 eV from the
Planck observations [70]. Notice that the limit
∑
mν < 0.12 eV has also been obtained earlier
in Refs. [71, 72]. However this upper bound is cosmological model dependent and obtained by
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combining other experimental data such as the baryon acoustic oscillation (BAO), the gravitational
lensing of galaxies and the high multipole TT, TE and EE polarization spectra. If only the BAO
data and the cosmic microwave background (CMB) lensing reconstruction power spectrum are
taken into consideration, the restriction to
∑
mν can be liberalized to
∑
mν < 0.6 eV [70].
Therefore, our model can still be compatible with the Planck observations in the region where
0.12 eV <
∑
mν < 0.6 eV. In addition, since our model predicts relatively large values of three
neutrino masses, it can be easily tested in future neutrino experiments.
A salient feature of our model is that the predicted value of θ23 shows a strong dependence on
the free model parameters especially Im τ , as can be seen from the left panel of Fig. 4, where the
red and blue curves correspond to the hierarchy α1  α3  α2 and α1  α2  α3, respectively.
Some useful remarks are as follows.
• There are two branches in the allowed range of {Im τ, θ23}, depending on which hierarchy of
α1, α2 and α3 is taken into consideration. In the hierarchy α1  α3  α2, θ23 is located in
the first octant where θ23 < 45
◦ while in the hierarchy α1  α2  α3, θ23 is in the second
octant, which is preferred by the latest global-fit analysis within 1σ level. If further long
baseline experiments such as DUNE [73] and Hyper-Kamiokande [74] can give more precise
measurements on the octant of θ23, it will be promising to determine the hierarchy of α1, α2
and α3 in our model unambiguously.
• In order to illustrate how the value of θ23 is connected with the hierarchies of α1, α2 and α3,
we express Ml in an approximate form by substituting Eq. (4.8) into Eq. (3.6)
Ml ≈
vd√
2

1 t −1
2
t2
−1
2
t2 1 t
t −1
2
t2 1

∗α1 0 00 α2 0
0 0 α3
 . (4.10)
Since t can be regarded as a small parameter and there is a strong hierarchy of α1, α2 and
α3 (namely α1  α3  α2 or α1  α2  α3), it is possible to obtain the approximate
analytical form of the unitary matrix Ul. To be specific, in the hierarchy α1  α3  α2,
the unitary matrix U
(1)
l can be written as
U
(1)
l ≈

−1 + 1
2
|t|2 −3
2
(t∗)2 t∗
t
1
2
t2 1− 1
2
|t|2
−3
2
t2 1 −1
2
(t∗)2
 , (4.11)
where we retain only the terms up to O(t2). Then the lepton mixing matrix U (1) turns out
to be U (1) = (U
(1)
l )
†Uν , and sin
2 θ
(1)
23 can be obtained from sin
2 θ
(1)
23 = |U (1)µ3 |2/(1 − |U (1)e3 |2).
While in the hierarchy α1  α2  α3, the unitary matrix U (2)l is
U
(2)
l ≈

−1 + 1
2
|t|2 t∗ −1
2
(t∗)2
t 1− |t|2 t∗
−3
2
t2 −t 1− 1
2
|t|2
 . (4.12)
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The lepton mixing matrix U (2) and sin2 θ
(2)
23 then can be expressed as U
(2) = (U
(2)
l )
†Uν
and sin2 θ
(2)
23 = |U (2)µ3 |2/(1 − |U (2)e3 |2), respectively. We can use another unitary matrix P to
connect U
(1)
l and U
(2)
l via U
(2)
l = U
(1)
l P . Now that we have already obtained the approximate
expressions of U
(1)
l and U
(2)
l , it is easy to write down the explicit form of P
P =

1 0 0
0 −t+ 1
2
(t∗)2 1− 1
2
|t|2
0 1− 1
2
|t|2 t∗
 . (4.13)
Then we can express U
(2)
e2 , U
(2)
e3 and U
(2)
µ3 by using the elements of U
(1) as
U
(2)
e2 = U
(1)
e2 ,
U
(2)
e3 = U
(1)
e3 ,
U
(2)
µ3 =
(
−t∗ + 1
2
t2
)
U
(1)
µ3 +
(
1− 1
2
|t|2
)
U
(1)
τ3 . (4.14)
So finally we arrive at the expression of sin2 θ
(2)
23
sin2 θ
(2)
23 = |t|2 sin2 θ(1)23 +
(
1− 1
2
|t|2
)
cos2 θ
(1)
23 −
2Re
[
(t∗ − t2/2)U (1)µ3 (U (1)τ3 )∗
]
1− |U (1)e3 |2
. (4.15)
If Im τ is sufficiently large, all the higher order terms of t can be neglected, and we will
arrive at sin2 θ
(1)
23 ≈ cos2 θ(2)23 , i.e., θ(1)23 + θ(2)23 ≈ 90◦. However when Im τ is not large enough,
we should take the modification from higher order terms of t into consideration, especially
the term of O(t). The numerical calculation shows that Re [t∗U (1)µ3 (U (1)τ3 )∗] < 0, indicating
sin2 θ
(2)
23 > cos
2 θ
(1)
23 , as can be seen from the left panel of Fig. 4. Let us consider a critical case
where Re τ = 0.0398, Im τ = 2.07, g = 0.825 and φg = 17.5
◦. In the hierarchy α1  α3  α2
we have
θ
(1)
23 ' 43.3◦ ,
2Re
[
t∗U (1)µ3 (U
(1)
τ3 )
∗
]
1− |U (1)e3 |2
' −0.0775 . (4.16)
Then from Eq. (4.15) we can obtain the value of θ
(2)
23 ' 51.3◦, which is exactly the upper
bound of the 3σ range from the global-fit results of θ23. Therefore, if Im τ < 2.07, we could
not find the proper value of θ
(2)
23 located in the 3σ range any more. That is why only the
hierarchy α1  α3  α2 is allowed in Region A.
• The asymptotic behavior of θ23 and δ when Im τ is extremely large deserves some more
discussion. As can be seen from Fig. 4, θ23 ≈ 45◦ and δ ≈ 90◦ or 270◦ hold excellently when
Im τ ∼ 4. The distinctive values of θ23 and δ imply that the neutrino mass matrix Mν might
possess an approximate µ− τ reflection symmetry [65], which means
XTµτMνXµτ = M
∗
ν , (4.17)
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where
Xµτ =
1 0 00 0 1
0 1 0
 , (4.18)
or equivalently |Uµi| = |Uτi| (for i = 1, 2, 3). Actually as we have mentioned before, except
the (Mν)11, (Mν)23 and (Mν)32, all the other elements in Eq. (4.9) are vanishing in the limit
where Im τ tends to infinity. Under this limit it is easy to identify Eq. (4.17) is satisfied up
to a phase transition and Mν can be regarded as having a trivial µ− τ reflection symmetry.
However, the non-zero value of t is required to slightly break down this symmetry and
generate non-trivial values of the mass-squared differences as well as other mixing angles to
fit the experiment data. In order to illustrate this approximate µ − τ reflection symmetry
indeed exists, we give a specific example of the numerical result for |Uν | as
|Uν | =
0.816 0.599 0.1460.408 0.586 0.700
0.409 0.587 0.699
 , (4.19)
where the free model parameters are set to be
Re τ = 0.0275 , Im τ = 3.95 , g = 0.856 , φg = 20.8
◦ . (4.20)
Hence we can find |Uµi| ≈ |Uτi|, which also indicates that there is an approximate µ − τ
reflection symmetry in Mν .
• As can be seen in Eq. (4.14), the elements Ue2 and Ue3 in the lepton mixing matrix U keep
invariant under the conversion from one hierarchy to another. Therefore different from θ23,
the values of θ12 and θ13 do not depend on the hierarchies of α1, α2 and α3.
On the other hand, once the neutrino mass spectrum and the mixing parameters are known,
we can predict the effective neutrino mass for beta decays,
mβ ≡
√
m21|Ue1|2 +m22|Ue2|2 +m23|Ue3|2 . (4.21)
In the case where three neutrino masses are quasi-degenerate, mβ is approximately proportional to
m1, as can be seen from the left panel of Fig. 5. The latest result from the KATRIN experiment,
where the electron energy spectrum from tritium beta decays is precisely measured, indicates
mβ < 1.1 eV at the 90% confidence level [75, 76]. With more data accumulated in KATRIN,
the upper bound will be improved to mβ < 0.2 eV. Then it will for sure provide us with some
clues to test whether the corresponding parameter space in our model is still consistent with the
experiment data or not.
Furthermore, three light neutrinos are Majorana particles in the seesaw model, indicating that
the neutrinoless double-beta decays of some even-even heavy nuclei could take place. The effective
neutrino mass relevant for neutrinoless double-beta decays is defined as
mββ ≡ |m1U2e1 +m2U2e2 +m3U2e3| . (4.22)
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Figure 5: In the left panel, the correlation between mβ and m1 is shown for the NO case where
the 1σ (yellow dots) and 3σ (red dots) ranges of neutrino mixing parameters and mass-squared
differences from the global-fit analysis of neutrino oscillation data have been input [68,69]. While
the right panel is for the correlation between mββ and m1. The gray shaded regions represent
the range
∑
mν > 0.6 eV which is excluded by the latest Planck observations [70] while the light
gray shaded region in the right panel denotes the upper bound on mββ from the KamLAND-Zen
experiment [77]. The pink (purple) boundary in the right panel is obtained by using the 1σ (3σ)
ranges of {θ12, θ13} and {∆m221,∆m231} from the global-fit analysis.
The right panel of Fig. 5 shows that the predicted values of mββ in our model have already reached
the upper bound from the KamLAND-Zen experiment [77], mupperββ = 0.061 – 0.165 eV, which is
currently the best experimental constraint on mββ. Hence our model is quite testable and can be
easily ruled out in the next-generation neutrinoless double-beta decay experiments [78].
As a summary of this section, we list the best-fit values, together with the 1σ and 3σ ranges
of all the free model parameters and observables in our model in Table 3.
5 Summary
The modular symmetry is a very attractive and interesting way to understand lepton flavor mixing.
In this paper, we consider the application of the modular A4 symmetry to the supersymmetric
minimal type-(I+II) seesaw model, where only one right-handed neutrino and two Higgs triplets
are introduced beyond the particle content of the SM. We successfully construct a model to account
for lepton mass spectra and the flavor mixing, which is consistent with current neutrino oscillation
data in the NO case.
In order to keep our model simple and economical enough, we assign the right-handed neutrino,
two Higgs doublets and two Higgs triplets to be the trivial A4 singlet 1, and implement the minimal
set for the weights of modular forms (ke, kµ, kτ , k∆, kD, kR) = (2, 2, 2, 2, 4, 6) under the premise that
the sum of weights in each superpotential should be vanishing. We construct the mass matrices
in both the charged-lepton and neutrino sectors under such a setup of weights. After performing
the numerical analysis, we find out that our model is consistent with the latest global-fit results
of neutrino oscillation data at the 1σ level only in the NO case and the individual contributions
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Table 3: The best-fit values with the minimum χ2min = 0.0862, together with the 1σ and 3σ ranges
of all the free model parameters and observables for the NO case in our model.
Best fit 1σ range 3σ range
F
re
e
m
o
d
el
p
ar
am
et
er
s Re τ 0.0366 0.0304 – 0.0394 0.0260 – 0.5
Im τ 2.33 2.24 – 2.80 1.75 – 4
g 0.834 0.829 – 0.847 0.815 – 0.924
φg [
◦] 19.2 18.6 – 20.7 1.92 – 21.8
vdα3/
√
2 [GeV] 1.775 1.774 – 1.777 0.1056 – 0.1058 ⊕ 1.771 – 1.777
α1/α3 [10
−4] 2.88 2.88 – 2.89 48.3 – 49.2 ⊕ 2.88 – 2.90
α2/α3 0.0596 0.0595 – 0.0596 16.6 – 16.8 ⊕ 0.0595 – 0.0597
v2ug
2
1/(2Λ) [eV] 0.1344 0.1224 – 0.2217 0.06874 – 0.7776
O
b
se
rv
ab
le
s
m1 [eV] 0.1066 0.09561 – 0.1832 0.04778 – 0.6592
m2 [eV] 0.1070 0.09600 – 0.1834 0.04858 – 0.6592
m3 [eV] 0.1178 0.1078 – 0.1900 0.06875 – 0.6611
θ12 [
◦] 33.8 33.1 – 34.6 31.6 – 36.3
θ13 [
◦] 8.60 8.48 – 8.74 8.22 – 8.99
θ23 [
◦] 48.8 46.4 – 49.4 41.7 – 51.3
δ [◦] 285 280 – 289 90 – 298
ρ [◦] 89.5 89.3 – 89.8 0 – 180
σ [◦] 90.6 90.2 – 90.7 0 – 180
mβ [eV] 0.1070 0.09602 – 0.1834 0.04867 – 0.6592
mββ [eV] 0.1066 0.09514 – 0.1847 0.04526 – 0.6509
to the neutrino masses from the right-handed neutrino and the Higgs triplet are comparable.
The allowed parameter space of the model parameters, namely, the modulus parameter τ =
Re τ + i Im τ , three real parameters vdα3/
√
2, α1/α3 and α2/α3 in the charged-lepton sector,
together with the coupling coefficient g˜ = geiφg and the overall scale v2ug
2
1/(2Λ) in the neutrino
sector has been obtained. Moreover, we also give the constrained regions of three light neutrino
masses {m1,m2,m3}, three neutrino mixing angles {θ12, θ13, θ23} and three CP-violating phases
{δ, ρ, σ}, as well as the predictions for the effective neutrino masses mβ in beta decays and mββ
in neutrinoless double-beta decays.
An interesting feature of our model is that the octant of θ23 strongly depends on which hierarchy
of α1, α2 and α3 is taken into consideration. To be specific, the hierarchy α1  α3  α2
corresponds to the first octant of θ23 while the hierarchy α1  α2  α3 corresponds to the second
octant of θ23. Furthermore, when the value of Im τ is sufficiently large, the neutrino mass matrix
Mν will possess an approximate µ − τ reflection symmetry, indicating θ23 ≈ 45◦ and δ ≈ 90◦ or
270◦. While the small parameter t ≡ −6q1/3 = −6e2piiτ/3 slightly breaks down this symmetry and
generate realistic values for the mass-squared differences and other mixing angles. Besides, since
our model predicts relatively large values of
∑
mν = m1 +m2 +m3, mβ and mββ, it is very likely
to be tested in the further neutrino experiments.
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We stress that the hybrid seesaw models where not only one kind of seesaw mechanism is
involved may lead to some new scenarios about flavor mixing and CP violation, and it deserves
more attention to discuss the applications of the modular symmetry in such kinds of models.
It is also interesting to study the type-(I+II) seesaw model with other kinds of finite modular
symmetries. We hope to come back to these issues in the future works.
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A The Γ3 ' A4 Symmetry Group
The permutation symmetry group A4 has twelve elements and four irreducible representations,
which are denoted as 1, 1′, 1′′ and 3. In the present work, we choose the complex basis which is
used in Ref. [27] for the representation matrices of two generators S and T , namely,
1 : ρ(S) = 1 , ρ(T ) = 1 ,
1′ : ρ(S) = 1 , ρ(T ) = ω ,
1′ : ρ(S) = 1 , ρ(T ) = ω2 ,
3 : ρ(S) =
1
3
−1 2 22 −1 2
2 2 −1
 , ρ(T ) =
1 0 00 ω 0
0 0 ω2
 .
(A.1)
In this basis, we can explicitly write down the decomposition rules of the Kronecker products of
any two A4 multiplets.
• For the Kronecker products of two A4 singlets:
1⊗ 1 = 1 , 1′ ⊗ 1′ = 1′′ , 1′′ ⊗ 1′′ = 1′ , 1′ ⊗ 1′′ = 1 ; (A.2)
• For the Kronecker products of two A4 triplets:ζ1ζ2
ζ3

3
⊗
ξ1ξ2
ξ3

3
= (ζ1ξ1 + ζ2ξ3 + ζ3ξ2)1 ⊕ (ζ3ξ3 + ζ1ξ2 + ζ2ξ1)1′
⊕(ζ2ξ2 + ζ1ξ3 + ζ3ξ1)1′′
⊕1
3
2ζ1ξ1 − ζ2ξ3 − ζ3ξ22ζ3ξ3 − ζ1ξ2 − ζ2ξ1
2ζ2ξ2 − ζ1ξ3 − ζ3ξ1

3
⊕ 1
2
ζ2ξ3 − ζ3ξ2ζ1ξ2 − ζ2ξ1
ζ3ξ1 − ζ1ξ3

3
. (A.3)
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With the above decomposition rules and the assignments of relevant fields and modular forms,
one can immediately find out the Lagrangian invariant under the modular A4 symmetry group.
As has been mentioned in Sec. 2, there exist three linearly independent modular forms of the
lowest non-trivial weight kY = 2, denoted as Yi(τ) for i = 1, 2, 3. They transform as a triplet 3
under the A4 symmetry, namely,
Y3(τ) ≡
Y1(τ)Y2(τ)
Y3(τ)
 . (A.4)
In fact, the exact expressions of the modular forms can be derived with the help of the Dedekind
η function
η(τ) ≡ q1/24
∞∏
n=1
(1− qn) , (A.5)
with q ≡ e2piiτ , and its derivative
Y (a1, . . . , a4|τ) ≡
d
dτ
[
a1 log η
(τ
3
)
+ a2 log η
(
τ + 1
3
)
+ a3 log η
(
τ + 2
3
)
+ a4 log η (3τ)
]
,
(A.6)
with the coefficients ai (for i = 1, 2, · · · , 4) fulfilling a1 + · · ·+ a4 = 0. More explicitly, we have
Y1(τ) ≡
i
2pi
[
η′
(
τ
3
)
η
(
τ
3
) + η′ ( τ+13 )
η
(
τ+1
3
) + η′ ( τ+23 )
η
(
τ+2
3
) − 27η′ (3τ)
η (3τ)
]
,
Y2(τ) ≡
−i
pi
[
η′
(
τ
3
)
η
(
τ
3
) + ω2η′ ( τ+13 )
η
(
τ+1
3
) + ωη′ ( τ+23 )
η
(
τ+2
3
) ] ,
Y3(τ) ≡
−i
pi
[
η′
(
τ
3
)
η
(
τ
3
) + ωη′ ( τ+13 )
η
(
τ+1
3
) + ω2η′ ( τ+23 )
η
(
τ+2
3
) ] , (A.7)
which can be expanded as the Fourier series, i.e.,
Y1(τ) = 1 + 12q + 36q
2 + 12q3 + · · · ,
Y2(τ) = −6q1/3(1 + 7q + 8q2 + · · · ) ,
Y3(τ) = −18q2/3(1 + 2q + 5q2 + · · · ) . (A.8)
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